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Abstract: A projection based method for sparse fuzzy system generation is proposed. 
Given a set of training data, clustering is first performed on the output space. Data 
points from each output cluster are projected back to each input dimension forming 
one-dimensional clusters. The clusters from different dimension are then merged to 
form fuzzy rules. The number of rules to be generated can be controlled via a 
threshold parameter. Experiments have confirmed the effectiveness of the proposed 
technique. It is observed that the propose technique creates a sparse fuzzy system 
from data that achieves a satisfactory accuracy with reasonably few rules. The use of 
fuzzy rule interpolation further improves the accuracy. 

1. Introduction 
Rule based fuzzy systems suffer from rule number 
explosion. To model a system with k variables and 
maximum T fuzzy terms in each dimension, the 
number of necessary rules is : 

O(Tk) Eqn 1 
which will be very large if k is not very small. 
Because of this, commercially applicable fuzzy 
systems are limited to only few variables (up to 5-10). 

The number of rules generated grows exponentially as 
the number of input variables increase. 

To widen the range of problems solvable by fuzzy 
rule-base systems, it is essential to reduce T, k, or both 
in (Eqn 1 ). Hierarchical fuzzy systems have been 
successfully applied for special tasks, e.g. the 
unmanned helicopter control experiment [2]. A more 
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general approach was proposed in [3] to reduce k. On 
the other hand, decreasing T leads to sparse fuzzy 
systems, i.e. fuzzy rule- bases with "gaps" between 
the rules. In such fuzzy systems, there exist 
observations (inputs) that do not match any of the rule 
antecedents. Fuzzy rule-interpolation [4] is used to 
infer the conclusions for such observations. More 
details on sparse fuzzy systems and fuzzy rule 
interpolation are discussed in section 2. 

Sparse fuzzy systems are often used in situations 
where full knowledge of the problem domain is not 
available. Experts often work with only important 
fuzzy rules that correspond to representative (typical) 
cases. Encoding these rules results in a sparse fuzzy 
system. In the case of fuzzy rule extraction from data, 
generating a sparse fuzzy system benefits from the 
reduced number of rules. This is the main issue that 
we investigate. 

The paper is organized as follows. Section 2 outlines 
the theoretical issues of sparse fuzzy systems and 
fuzzy rule interpolation. Section 3 explains fuzzy 
clustering and the cluster validity problem. The 
proposed fuzzy rule extraction is presented in section 
4. In section 5, the proposed technique is validated via 
experiments using artificially generated as well as real 
world data. The conclusion is presented in the last 
section. 

2. Sparse Fuzzy System and 
Fuzzy Rule Interpolation 

A fuzzy rule R1 has the following form: 

IfXisA1 then YisB1 

Here, X= {xJ. x2, ... , x.} is the input, Y is the output, 
A1= Ail x A12 X ... X A1• and B1 are fuzzy sets of the 
antecedent and the consequent of the rule respectively. 
Each rule defines a "patch", (i.e. a fuzzy relation) in 
the (X X Y) space. The rule base R = {R1, ... , R,} is 
the representative of a "fuzzy graph" or mapping, 
corresponding to a relation: 

r 
R= UR; Eqn3 

i=l 

Eqn2 

A fuzzy system with r rules is a sparse fuzzy system if 
(Eqn 4) holds: 

r 

X - U Supp(A;) ;oe 0 Eqn 4 
i=l 

That is, there are "gaps" in the universe of discourse 
where no rule antecedent is present to any positive 
degree. The advantage of such sparse systems is the 
reduced complexity. If T in (Eqn I) is reduced in 
every dimension at least by a factor of s, then the 
number of rules is IRI = O((tls)k). The reduced 
complexity comes with a price - loss of information. 
With the absence of rules, results of data that falls in 
the gaps cannot be inferred directly. To cope with this 
situation, a family of new reasoning techniques for 
sparse fuzzy systems, known as fuzzy rule 
interpolation, has been introduced [4]. Some 
theoretical discussion of fuzzy interpolation 
techniques is presented next. 

2.1. Fuzzy Rule Interpolation 

Fuzzy rule interpolation was proposed by Koczy and 
Hirota in [4]. The basic idea is formulated in the 
fundamental equation of rule interpolation (FERI): 

D(A*,A 1): D(A*,Az) = D(B*, BJ): D(B*, Bz) 
Eqn 5 

Where A' and B' denote the observation and the 
corresponding conclusion, R1 = A1 ~ BJ. R2 = A2 ~ 
B2 are the rules to be interpolated (flanking rules), 
such that A1 <A*< A2 and B1 < B2,D denote some 
distance or degree of similarity between two fuzzy 
sets. The partial ordering '<' is discussed in [5]. 
Different choices of the distance D results in different 
types of interpolation. In [4], the distance was 
introduced as the set of lower and upper a-cut 
distances, describing the relative position of two 
comparable convex and normal fuzzy sets (CNF-sets) 
unambiguously. The conclusion can therefore be 
computed as seen in (Eqn 2) . 

The main disadvantage of this method is that (Eqn 2) 
often results in abnormal membership functions for B* 
that need further transformation to obtain a useful 
result. There are many ways to alleviate this problem 
[5]. 
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Figure 1 :Notation used for fuzzy rule 
interpolation 
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In [ 12], we proposed a projection-based interpolation 
technique. The technique works only on trapezoidal 
fuzzy sets. In what follows, a brief description of the 
technique is presented. The discussion is limited to the 
singleton input case. Figure I shows the notation used 
in the discussion. Given the singleton input A•, the 
interpolation is first done for each input dimension as 
(Eqn 6). 

Eqn 6 

where B1r is chosen as B;u if A;< A•; otherwise, B;L is 
used. The results obtained on the different input 
dimensions are then combined by averaging to form 
the final result. In this case, the term DJ(A 1,A) in(Eqn 
6) can be zero, since it is possible for the multi-dimensional 
rules to overlap with the observation in some (but not all) 
dimensions. In such situations, we adopt the following: 

Iim Id --+ defuzz(B1 ) 

D1 (A1 ,A')~O 
Eqn 7 

Where defuzz(.) is a defuzzification method (e.g. 
Center of Area). If in any dimension d, there is more 
than one rule antecedent (A 1 ... An) that overlaps with 
the observation, then the average is used as the 
conclusion for that dimension: 

1 n 
Id = - ~ defuzz(B1) 

nf::f 
Eqn 8 

Finally, the system output is computed by averaging 
the conclusions from each of the D dimensions: 

Eqn9 

2.2. Sparse Fuzzy System Generation 
From Data 

Traditional rule extraction techniques that use uniform 
input partitioning styles generate dense rule fuzzy 
systems whose number of rules grows very fast with 
the increase of input variables, as the base Tin (Eqn 1) 
is large. This leads to the motivation of sparse fuzzy 
system generation from data. 

Several different ways to construct sparse fuzzy 
systems from training data are discussed. The most 
straightforward one is the reduction from a dense 
fuzzy system to a sparse fuzzy system [13]. The main 
idea is that for a fuzzy system F = {R1: i = I, ... , r}, a 
reduced sparse fuzzy system F ' = {R1k: hE IC {I, ... , 
r}, If\ < r} is created by elimination of some less 
important rules. The aim is to produce a proper 
compression ofF such that keeps ~R{Aj)- BA s E (the 
error tolerance), where IR{Aj) denotes the conclusion 
generated by applying interpolation method I on the 
rule subset R' and substituting the observation A1 into 
the approximation function. The rule elimination 
process is not straightforward. There is generally no 
monotonicity in the omission of rules, that is, with 
three sets of rules : R" C R' C R, maybe R" is a 
proper compression of R while R' is not. Thus, no 
computationally effective serial search algorithm for 
the best reduction can be constructed. The reduction 
of a dense fuzzy system to a sparse fuzzy system is 
often performed on a heuristic trial and error basis. 
Sparse fuzzy system generation by dense fuzzy system 
reduction is ineffective with high dimensional data 
since the real problem lies in the generation of the 
dense rule base itself. Therefore this technique is only 
suitable for complexity reduction given an existing 
dense fuzzy system. 

The second alternative for sparse fuzzy system 
generation is to use the so-called 'optimal fuzzy rules' 
discussed by Kosko [14] for function approximation. 
The idea is to generate rules that patch the turning 
points of the function/being approximated. 

In this paper, a novel rule extraction technique that 
works on the projection of data and fuzzy clustering is 
introduced. The technique, known as projection-based 
fuzzy rule extraction (PB), extends the idea of the SY 
approach for fuzzy modeling. The proposed technique 
makes extensive use of fuzzy clustering for rule 
extraction. For this reason, fuzzy clustering is 
examined in the next section. 
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3. Fuzzy Clustering 
Given a set of data, clustering techniques partition the 
data into several groups such that the degree of 
association is strong within one group and weak 
between data in different groups. Fuzzy clustering 
allows data points to belong to more than one group. 
Each cluster is associated with a membership function 
that expresses the degree to which individual data 
points belong to the cluster. 

Of all fuzzy clustering methods, Fuzzy c-Means 
clustering (FCMC) remains predominant in the 
literature [24]. Given a set of data, Fuzzy c-Means 
clustering (FCMC) performs clustering by iteratively 
searching for a set of fuzzy partitions and the 
associated cluster centers that represent the structure 
of the data as best as possible. The FCMC algorithm 
relies on the user to specify the number of clusters 
present in the set of data to be clustered. Given the 
number of clusters c, FCMC partitions the data X= 
{x~>x2, .•• ,Xn} into c fuzzy clusters by minimizing the 
within group sum of squared error objective function 
as follows (Eqn 1 0). 

Eqn 10 

where Jm(U, V) is the sum of squared error for the set 
of fuzzy clusters represented by the membership 
matrix U, and the associated set of cluster centers V. 
11.11 is some inner product-induced norm. In the 
formula, llxk- vi represents the distance between the 
data xk and the cluster center v;. The squared error is 
used as a performance index that measures the 
weighted sum of distances between cluster centers and 
elements in the corresponding fuzzy clusters. The 
number m governs the influence of membership 
grades in the performance index. The partition 
becomes fuzzier with increasing m and it has been 
shown that the FCMC algorithm converges for any m 
E (l,oo) [24]. The FCMC Algorithm relies on the user 
to specify the number of clusters present in the set of 
data to be clustered. 

A hybrid approach to find the optimal number of 
clusters c has been proposed in [25]. The technique is 
proposed to be used in conjunction with the Fukuyama 
and Sugeno index (FS) shown as: 

n c 
S(c) = }: }: (U;k)m(IJ Xk- V; W -11 V;- X W),2 < c < n 

k-li-1 
Eqn If 
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where n is the number of data points to be clustered; c 
is the number of clusters; xk is the l(h data, :X is the 
average of data; v; is the i1h cluster center; U;k is the 
membership degree of the l(h data with respect to the 
lh cluster and m is the fuzzy exponent as described in 
section 3. The terms 11 x~r - v; 11 and 11 vi- X 11 represent 
the variance in each cluster and variance between 
clusters respectively. 

In the first step, the FS index is used to find a rough 
estimate of the optimal number of clusters. The 
number is later refined in the second step by means of 
a merging index (Eqn 12). 

Eqn 12 

where Xj is the /h data and v is a cluster center. For 
each pair of cluster centers V; and vi, the index (Eqn 2) 
is calculated for v;, vi, and Vm where Vm is the middle 
point ( v; + vi)/2. If p(vm) is smaller than both p(v;) and 
p(vj), then the centers stay un-merged. Otherwise, they 
should be merged. 

4. Projection Based Rule 
Extraction 

Using the fuzzy clustering technique discussed in the 
previous section, our novel projection based rule 
extraction technique can now be described. The 
proposed algorithm consists of 7 steps. 

I. Perform Fuzzy c-Means clustering on the output 
space. The FS index ( Eqn 11) is used to determine 
the optimal number of clusters. We remark that our 
algorithm does not place any restriction on the 
clustering technique and validity index used. 

2. For each fuzzy output cluster B; approximated, all 
the points belonging to the cluster are projected 
back to each of the input dimensions. For each 
dimension, fuzzy clustering is again applied to the 
projection of the points. In this step, the FS index 
is used in conjunction with the merging index (see 
section 3). This step results in multiple one-
dimensional (lD) fuzzy clusters in each input 
dimension. 

3. For each ID fuzzy cluster, a trapezoidal cluster is 
approximated. A simple trapezoidal cluster 
approximation technique is discusseq in section 
4.1. 
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4. Each of the n clusters (Cd1 - Cd,J in the input 
dimension d, is a projection of the multi-
dimensional input cluster to that input dimension. 
The clusters from individual dimensions are 
combined to approximate the multi-dimensional 
input cluster. The merging process is described in 
section 4.4 . 

5. For each of the multi-dimensional clusters 
identified, a rule can be formed. For example, if a 
multi-dimensional cluster is formed with [C11, C21, 
C34] for the points projected from output cluster B;, 
we obtain the following rule: 

lfxl is Cn and X] is c23 and Xj is c34 then y is B; 
where Cdn is the n'h cluster identified at input 
dimension d. 

6. The complete fuzzy system is then optimized to 
eliminate redundant rules resulting from the fuzzy 
clustering (see section 4.2). When necessary, some 
accuracy can also be traded off with efficiency and 
interpretability by the omission of less important 
rules . 

7. The optimized fuzzy rule-base then goes through a 
parameter identification process where each 
trapezoidal cluster in the input and output space is 
adjusted to improve the overall performance. The 
parameter identification is described in section 4.3. 

4.1. Trapezoidal Approximation 
Technique 

In this section, the problem of trapezoidal approx-
imation from fuzzy clusters is discussed. In this study, 
fuzzy c-means clustering (FCMC) is used to produce 
the fuzzy clusters. Each cluster is associated with a 
cluster center. Figure 2 shows three fuzzy clusters and 
their membership grades plot. From the figure, the 
membership grade plot of each cluster resembles a 
Gaussian-like curve with some irregularity at the 
bottom. For one-dimensional data clustering, we can 
expect the irregular portion of the curve to be minimal 
(as compared to the projection of a cluster resulting 
from clustering multi-dimensional data). For 
simplicity as well as convenience of later steps, we 
choose to use a Ruspini partition as illustrated in 
Figure 4. We remark that the resulting trapezoid does 
not have large impact on the overall algorithm 
performance. Later in the parameter identification 
process the approximated trapezoid will be shifted, 
reshaped and resized. At this stage, a rough 
approximation is sufficient 

The use of a Ruspini partition [27] relieves the process 
from the difficult task of approximating the support of 

the trapezoid. The core of the trapezoid can be 
approximated by means of an alpha level 0.5 < a < 
1.0. 

Low a values lead to long plateau of the resulting 
trapezoid. In this paper, a = 0.85 is used. Figure 3 
illustrates the process of the trapezoidal approximation. 

•.. 
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Figure 2: Fuzzy Clusters Produced by Fuzzy 
c-means Clustering 
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4.2. Fuzzy System Optimization 
It is expected that some redundancy has been 
introduced in the fuzzy rules constructed by fuzzy 
clustering. In this section, we introduce an 
optimization process designed to remove redundant 
rules. The optimization process operates only with 
convex normal fuzzy (CNF) sets. Using CNF-Union, 
we propose a merging process that is based on the 
following definitions modified from [28]. 

Definition 1 
The rule base R' obtained from rule base R by 
merging two rules, r; and rj, applying CNF union in 
the antecedent part is a lossless compression of R iff 
there exist no rule rk that comes between r; and rj in all 
dimensions. 

By definition I, neigh boring fuzzy rules with the same 
consequent can be merged without affecting the 
accuracy of the entire fuzzy system. For example, 
consider the following rule base 

R = { ifx is NB theny is NM 
ifx is NMtheny is NM 
ifx is NStheny is NM 
if x is NZ then y is NS 
ifx is ZO theny is NS 
ifx is PZtheny is NS 
ifx is PB theny is PS 
ifx isPMtheny is PS 
ifx is PS theny is PS} 

A loss less compression of R, namely R' can be 
obtained by merging the rules based on definition I : 

R'= { ifxisNB(f)NM(f)NSthenyisNM 
if x is NZ (f) ZO (f) PZ then y is NS 
ifx is PB (f) PM (f) PS theny is PS} 

It can be readily observed that the resulting R ' 
preserves full information from R. If desired, the 
number of rules can be further reduced using the 
following two definitions. 

Original 
CNF set 
Merged 
CNF set 

Figure 5: Union operation for convex 
normal fuzzy (CNF) sets 
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Definition 2 
The rule base R' obtained from rule base R by 
merging two rules, r; and rj, applying CNF union in 
the antecedent part is a lossy compression of R if there 
exists any rule rt that comes between r; and rj in all 
dimensions. 
Definition 3 
The rule base R" obtained from R by merging rules 
with different antecedents and consequents, applying 
CNF union in both the antecedent and consequent 
parts is called a cover of R. 

As compared to definition I, definition 2 allows for 
more flexibility in merging rules. For example, we can 
merge rules in the following : 

R0 = { ifx is NB theny is NM 
ifx is NMtheny is NS 
ifx is NS theny is NM} 

to obtain: 

Ro' = if x is NB (f) NS then y is NM 
ifx is NMthen y is NS} 

The flexibility, however, results in the loss of 
information. It can be observed from R0 ·that when the 
observation is NM, the results obtained becomes NM 
U NS rather than NS as in R0. The loss of accuracy of 
the entire system relies on the importance of the 
second rule in R0 ', Going one step further, definition 3 
provides an alternative to further reduce the number of 
rules in a rule base. By this definition, any rules can 
be merged. In general, definition 3 allows any rule 
base to be compressed ultimately to a single 
meaningless rule: 

R"= { ifxisXthenyis Y} 

Due to the significant information loss, the use of this 
merging process is rarely practical. In the following, a 
fuzzy system optimization technique that attempts to 
minimize the number of rules based on a user defined 
accuracy tolerance t is proposed. The technique 
exploits only definition I and 2 discussed above to 
achieve reduction of redundancy. The error of the 
fuzzy system is measured by means of the following 
performance index: 

PI= _f (y'- y') 2 /m Eqn 13 
i-1 

where m is the number of data, i is the i1h actual 
output and y; is the i'h model output. The lower the 
performance irtdex, the more accurate the fuzzy rule 
base. 
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The straightforward algorithm is presented as follows: 

1. Let R1 be the set of rules with the same 
consequent i. 

2. Compute E to be the mean square error of the 
rule base using (Eqn 13). 

3. Find a pair of rules <r1, r? E R1 and merge them. 
4. Compute e' to be the new error (Eqn 13) of the 

rule base after the rule merging. 
5. Undo the merge if e'- e> threshold t. 
6. Repeat steps 3 - 5 until no more rules can be 

merged. 
7. Repeat steps 1 - 6 until all consequents have 

been examined. 

4.3. Parameter Identification 

Parameter identification is a process to tune the 
parametersof membership functions in the rule 
antecedents. The technique described in (21] is 
designed for trapezoidal fuzzy sets. The algorithm is 
as follows: 

1. Set the value/for adjustment. 
2. Let/i be the k'h parameter ofthe/h fuzzy sets. 
3. Calculate pk+i ~ / i + f and/}= /i ~ f. 

If k = 2, 3, 4, and /i + f > pk+1i, then p*+i = / "1 

If k =I, 2, 3, and/r f</· 1
h then/)= pk+1 

4. Choose the parameter which shows the best 
performance (Eqn 13) among {pk+i• p*i, /j} and 
replace p*i with it. 

5. Go to step 2 while unadjusted parameters exist. 
6. Repeat step 2 until we are satisfied with the 

performance. 

In [21], f = 5% of the width of the universe of 
discourse is used. Figure 6 shows the parameter 
adjustment process. 

f f 
Figure 6: Parameter Adjustment 

4.4. Cluster Merging 

The reconstruction of multi-dimensional clusters by 
combining the lD clusters identified at each 
dimension can be problematic. Let m be the average 
number of clusters identified at each dimension. The 
total number of possible combinations is ma. Since the 
number of combinations grow exponentially with the 
increase of dimensions, examining every combination 
of the ID clusters is computationally intractable. In 
this section, we propose a fast merging technique. 

The merging process involves the use of a threshold t. 
The cluster in the multi-dimensional space is 
determined to be the region where the number of 
projected points in the region exceeds t. A point p is 
contained in the cluster cl if 1-lci(p) > f.J.q{p) for allj .. i. 

The 3-step algorithm is as follows . 

1. Find one of the multi-dimensional clusters C 
where the number of points that falls into its 
projection exceeds the threshold t. 

2. Remove all data points that are contained in the 
cluster C approximated. 

3. Repeat steps 1 - 2 until no more clusters can be 
found. 

4.5. The Sparseness of Fuzzy Systems 
Generated 

In this section, the sparseness of fuzzy systems 
generated by the proposed rule extraction technique is 
analysed. In general, the threshold I in section 4.4 
governs the degree of sparseness in the rule-base to be 
generated. The higher the threshold, the fewer multi-
dimensional clusters will be obtained, and 
consequently fewer rules are generated. The 
connection between the threshold 1 and the fuzzy 
system generated is as follows . 

Let X= { X; I i = I. .. k } be a set of data. A fuzzy 
system is said to be a-sparse on X if a number of data 
points in X fall in the gap between the fuzzy rules, for 
a in [0, k]. A fuzzy system that is 0-sparse on X is 
called dense on X. From these notations, we have the 
following Lemmas. 

Lemma 1 
When the user parameter threshold 1 = 0, the fuzzy 
system generated at step 5 of the algorithm from the 
training data X is always dense on X 

Proof The use of Ruspini partition [27] in forming 
the one-dimensional trapezoidal clusters in step 3 of 
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the algorithm results in multi-dimensional hyper-
boxes that fully cover the universe of discourse. In this 
case, each data point x E X is guaranteed to fall into 
one of the hyper-boxes. It is therefore sufficient to 
prove that the algorithm is capable of finding all non-
empty hyper-boxes. 

At the i1h iteration, the algorithm tries to find a hyper-
box that is dense (in this case, non-empty due to t=O) 
by examining all possible hyper-boxes in the fixed 
subspace X1 x, ... , x X;.1 along X;. If a p-dimensional 
hyper-box contains q>O points, then all its projections 
in any subset of the p dimensions have at least q 
points and will consequently be found by the 
algorithm at the pth iteration. Therefore, given a k
dimensional training dataset, any non-empty hyper-
boxes will be found by the algorithm at iteration k . 

Lemma2 
Given a fuzzy system that is a-sparse on X, the 
merging algorithm in step 6 of the algorithm always 
result in a new fuzzy system that is fi-sparse such that 
p:s a. 

Proof Let ri and rj be the two rules to be merged to 
obtain r. using the CNF-Union. We can readily show 
that we have 'VxEX, f-trlx)>O ~ f-trn (x)>O and !J-rj(x)>O 
~ 1-trn (x)>O. Therefore, any data point that can find 
rules to fire before the merge will be able to find rules 
to fire after the merge. Since the CNF-Union does not 
satisfy the boundary axioms ( ), there exist data points 
such that IJ-ri(x) = /-try(x)=O but /-trn(x)>O. Therefore, 
there can be fewer points that cannot find rules to fire 
after the merge. Thus, we have j1 :s a. 

The parameter tuning (see section 4.3) can introduce 
new gaps between the fuzzy rules in the fuzzy system. 
Thus, the. density of the fuzzy system may not be 
preserved after the tuning in step 7 of the algorithm. 
The loss of density can easily be avoided by adding an 
extra step in the tuning to disallow parameter 
adjustments that introduce new gaps between the rules. .., 
However, our experiments suggest that the loss of 
density is often minimal since new gaps tend to result '' 
in lower system accuracy and will therefore be 
automatically avoided in the error-based 'hill 
climbing' tuning. 

5. Experimentation 
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using the proposed rule extraction technique. The 
same set of data is then used with the fuzzy rule base 
generated to produce a set of outputs. This is followed 
by the evaluation of the accuracy by means of the 
performance index (Eqn 13). In the last experiments, a 
set of real world petroleum data is used. 

5.1 Experiment One 
In the first experiment, the task was to model a two-
variable quadratic function: 

Y = (1 + x1-
2 + x2-1.5 ) 2 , 0 8 · 1 . sx1,x2 s. Eqn 14 

Two hundred input-output data pairs were generated 
from (Eqn 14). The output range was 3.15 - 13.72. 
The fuzzy rule extraction technique was applied 
multiple times to the data using different choices of 
the threshold I (see section 4.4). 
Table I shows the thresholds used and the 
corresponding number of rules generated. 

Threshold I 
0.00 
0.04 
0.08 
0.12 
0.16 
0.20 

Number of rules 
9 
7 
7 
4 
3 
3 

Table 1: Number rules vs. threshold t used in the 
fuzzy rule extraction technique 

In Figure 7, we compare the errors of the interpolative 
system with the trivial average-based system that uses 
the average of the output domain as the default output 
whenever the observation cannot find rules to fire. 

Average-~ ~ 
based system ~~ _____.// 

~-~ t Y Interpolative 
~ system 

'" 
Figure 7: Error comparison of the average and the 

interpolated results for the quadratic function 

Altogether three experiments have been carried out to 
evaluate the performance of the proposed technique. 
In the first two experiments, a fuzzy rule base is 
generated from each set of input-output sample data 

It can be observed that the error of the interpolative 
system is always lower. Picking the threshold t = 0.12, 
four fuzzy rules were generated and the PI of the 
system was 3.17. After 20 iterations of parameter 
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tuning, the error decreased to 0.17, which can be 
considered reasonably low. 

5.2 Experiment Two 
The data given by Box and Jenkins [29], often used as 
a benchmark in research papers, is used in this 
experiment. There are 290 data points, where the 
input variable u is the methane concentration and the 
output variable y is the C02 concentration. The data 
has been used in different ways in the literature. 

We summarize the performance of the proposed 
technique (with the threshold in section 4.4 set to 
zero) as well as other models that use the data as 
benchmark. The input y(t) and u(t) are the output and 
input at time step t respectively. Figure 8 shows the 
error comparison in a way similar to Figure 7. 

~r---·-

bascd system ~ 
J Interpolative 

Average-

/ ~ystcm 

~----------
Figure 8: Error comparison of the average and the 

interpolated results for the Box-Jenkins Data 

Next, the proposed technique is applied to the data 
using a different set of output variables for 
comparison with a different set of rule extraction 
techniques. This time, the proposed technique is 
applied multiple times (as in experiment one) using 
different choices of threshold t (see section 4.4). Table 
3 summarizes the performance of the proposed 
technique as well as other models that use the data in a 
similar way as a benchmark. It can be observed that 
the rule extraction technique is able to produce very 
few rules to achieve a reasonably high accuracy. The 
choices of the threshold t provide the user with some 
amount of control over the number of rules generated. 

Method 
Nakoula et al. [30] 
Evsukoff et al. [31] 
Proposed Method 

M 
90 
36 
18 

PI 
0.175 
0.153 
0.130 

Table 2 Number of rules, M, and performance 
index, PI, of models using y(t-1) and 

u(t-3) as input variables 

Method 
Tong [32] 
Proposed (t = 0.26) 
Xu et a! [33] 
Pedryc [34] 
Proposed (t = 0.20) 
Proposed (t = 0.10) 
Proposed (t = 0.06) 
Proposed (t = 0.00) 

M 
19 
5 
25 
81 
9 
10 
15 
17 

PI 
0.469 
0.435 
0.328 
0.320 
0.250 
0.139 
0.129 
0.121 

Table 3 Number of rules, M, and performance 
index, PI, of models using y(t-1) and 

u(t-4) as input variables 

From Table 2 and Table 3 the superiority of the 
proposed method can be observed. As compared to 
existing methods in the literature, the proposed model 
is able to model the data with the highest accuracy 
using the smallest number of rules. 

5.3 Experiment Three 
A reservoir in North West Shelf, offshore of Western 
Australia, is used to validate the proposed sparse 
fuzzy rule system used for reservoir evaluation. The 
well logs available for this reservoir are GR (Gamma 
Ray), RDEV (Deep Resistivity), RMEV (Shallow 
Resistivity), RXO (Flushed Zone Resistivity), RHOB 
(Bulk Density), NPHI (Neutron Porosity), PEF 
(Photoelectric Factor) and DT (Sonic Travel Time). 
They are recorded by well and by depth. The raw data 
are normalised to be between 0 and I. The depth 
information is not used for the reservoir 
evaluation, as the reservoir is extremely 
heterogeneous. 

There are flags in this data set to show the goodness of 
the core samples. It is characterised by "Good," "OK," 
or "Frac." "Frac" means the presence of fractures in 
core samples. For our case, in order to test how well 
the evaluation model deals with the noisy data, all data 
regardless whether they are "Good", "OK" or "Frac" 
are used. 

The objective of this experiment is to develop a 
reservoir evaluation model to predict porosity (PHI) 
from the well logs. Data from 4 wells are used, 
namely wells A, B, C, and D, whose physical location 
forms a rough straight line. There are altogether 632 
rows of data. Wells A, Band D are used for training 
while C is used for testing. There are a total of 439 
training samples and 193 testing data. 

By using the proposed algorithm described in section 
4, a total of 9 fuzzy rules are generated. The fuzzy 
rules extracted are shown in Figure 9. Out of the 193 
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testing data, there are a total of 14 data points that 
cannot find any fuzzy rules to infer. The fuzzy rule 
interpolation [54] is used to interpolate fuzzy rules 
using neighbouring fuzzy rules to infer the predicted 
porosity. Most conventional fuzzy system with fuzzy 
rule interpolation technique will either set the 
predicted porosity to zero or taking the average of the 
range of the porosity as output. For comparison, two 
BPNN models are created: I) The initial BPNN model 
introduced in this field [16]; and 2) and an integrated 
BPNN model [30]. 

Table 4 shows the results from the three models 
constructed. The accuracies used in the comparison 
table are performance index (PI) and correlation factor. 
The formulation of PI is the one presented in (Eqn 14). 

Evaluation PI Correlation 
Model (Error~ Factor 

Conventional 0.0265 0.596 BPNN 
Integrated 0.0257 0.458 BPNN 

Sparse Fuzzy 0.0235 0.53 Rule S;tstem 

Table 4: Comparison Results for the Three 
Reservoir Evaluation Models. 

From the table, Conventional BPNN gives the worst 
PI measure, but the best correlation factor. This is 
mainly because the reservoir wells are highly 
heterogeneous, and it is very noisy since we used all 
the data regardless of their core quality. For this case, 
it seems like the generalization abilities of the BPNN 
may not be in the optimum point as it seems to be able 
to follow the noisy trends of the training data, which is 
reflected by the correlation factor. 

As for the Integrated BPNN, it gives a reasonably 
good PI measure but gives the worst correlation factor. 
This is mainly due to the technique used in this 
Integrated BPNN. This Integrated BPNN has used 
various ways to ensure that it generalized from the 
training core and removed any "noise" or outliers 
presented in the training core. Therefore, it performed 
smoothing based on distribution factor. 

As for our proposed sparse fuzzy rule system, it gives 
the best PI measure among the three and performs 
satisfactorily on the correlation measure. This shows 
that our technique gives satisfactory performance as 
compared to the other two well-established models. 

The point worth noting is our technique presents 
minimum fuzzy rules (9 fuzzy rules) to arrive the 
acceptable accuracy. With this small number of fuzzy 
rules, the human expert can understand the model 
easily and if necessary add-in experience or 
knowledge into the model. Modification to the 
behaviour of the reservoir evaluation model can also 
be done easily. This will allow human experts to have 
better control over the evaluation model as compared 
to ANNs, which are normally treated as a "black box". 
The graphical plot of the results generated by this 
sparse fuzzy rule system and the core porosity are 
presented in Figure 10. 

6. Conclusion 
A rule extraction technique for sparse fuzzy system 
generation has been proposed. The technique usually 
results in sparse fuzzy system that has minimal 
number of rules. The number of rules generated can be 
controlled via a threshold parameter in the algorithm. 
The use of the threshold effectively removes rules that 
fall in the less dense region of the problem domain. 
Intuitively, the resulting set of rules will correspond to 
representative (typical) cases. Extensive experiments 
have confirmed the satisfactory accuracy of the fuzzy 
systems generated. The use of rule interpolation has 
further improved the accuracy of the sparse fuzzy 
system. 
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